Basically (2 + 1) dimensional Dirac equation with real deformed Lorentz scalar potential is investigated in this study. The position dependent Fermi velocity function transforms Dirac Hamiltonian into a Klein-Gordon-like effective Hamiltonian system. The complex Hamiltonian and its real energy spectrum and eigenvectors are obtained analytically. Moreover, the Lie algebraic analysis is also performed.
Introduction
In physics, spin 1/2 massless particles are represented by a two component Weyl spinor. In the motivation of quantum field theory and condensed matter physics, the quasi particles which are massless are of interest because Dirac and Weyl materials are related to the ones with low-energy quasiparticle excitations which necessity the Dirac and Weyl equations for the massless fermions moving through the graphene surface. A new invention which is discovery of graphene in 2004 has attracted an enormous attention of the physicists because of its extraordinary properties [1] . Graphene has got a honeycomb structure with a single layer of carbon atoms is a two dimensional material. Then, the study of Dirac-Weyl particles in magnetic fields has received much attention for confining the charges [2] , [3] , [4] , [5] . Moreover, the Dirac theory in low dimensions is studied for the different potentials both numerically [6] and theoretically [7] , [8] . Also, graphene with the zero energy states is searched and scalar potentials are generated within the exactly solvable models [9] . On the other hand, pseudo-particles have a Fermi velocity 10 6 m/s and they can be replaced with the position dependent one as given in [10] , [11] , [12] and [13] . And, rationally extended potentials have been attracted too much attention in the literature [14] , [15] , [16] , [17] . The Dirac Hamiltonian becomes as non-Hermitian with position dependent Fermi velocity and in this study we will investigate the Dirac Hamiltonian with a complex deformed PT symmetric [18] potential which is also rationally extended. Using the Lie algebraic analysis, we have obtained the so(2, 1) operators for the extended complex deformed PT symmetric potential and arrived at the spectrum.
Dirac Equation
The effective Hamiltonian has a form H = ± v F σ · (−i ∇) for graphene where an electron moves with an effective Fermi velocity v F = c/300m/s, c is the velocity of light and behaves as a massless quasi-particle. On the other hand one can consider the Hamiltonian including position dependent Fermi velocities instead of the constant velocity. Now, the Dirac-Weyl equation for the massless particles under an external magnetic field is given below
where V F (x) is the position dependent Fermi velocity [12] , − → σ = [σ x , σ y ] are the Pauli matrices, − → p is the momentum operator and we give the vector potential − → A as A = [0, A y (x), 0] which is normal to the surface. The Fermi velocity is measured for different graphene layers and the changing Fermi velocity cases are discussed in [10] , [19] . The eigenvalue equation can be shown as HΨ(x, y) = EΨ(x, y). Here, the two component Dirac wave-function is given by Ψ(x, y) = e iky y
. And the eigenvalue equation turns into a couple of second order Sturm-Liouville type equations which are represented in a single equation below
where the effective potentials can be written as
We can apply a subsequent transformation to (2) which is
, z = dx VF (x) and we get
where
where the superpotential is
. Now we will consider two models which are known as deformed Scarf and Pöschl-Teller potentials. Here, deformed trigonometric functions and their relations can be shown by cosh q x =
coshq x and one can look at the details given in [20] , [21] and for other works in [22] , [23] .
PT symmetric hyperbolic deformed Scarf II potential
and (7) become
And the solutions for U B (z) are well-known [24] . It is known that the Hamiltonians H
(1)
− . Now we will search for more general complex potentials, then, W 2 (z) superpotential in terms of the unknown parameters as
Then using supersymmetric quantum mechanics, we obtain V (2)
, r 2 → ∓ir 1 . We note that C 1 and C 2 are real parameters. Then we have a couple of isospectral partner potentials which are given by
Here, it is given as −∞ < z < +∞, then, (12) and (13) are isospectral potentials except the ground state energy. Comparing (12) and (9), we can express the superpotential parameters in terms of our system parameters, then the real energy eigenvalues can be given by [16] 
, λ 2 is a constant. We shall compare (12) and (9) and obtain
where we choose K 2 = 1 + C 2 for the sake of simplicity in our solutions. One can use (16) in (14) to express the energy spectrum in terms of the initial potential parameters in the Dirac equation. Using the well-known formula for the ground-state wavefunction ψ
Then, we can use the ground-state solution in order to find the general solutions, ψ
(−),0 (z)P n (z) where P n (z) is an unknown polynomial in the Hamiltonian equation H
2 ψ 1 , hence we can obtain a solution. Or, because we have already compared our system with the spectrum results given in [16] , we can obtain the exact solutions for our deformed system, therefore, the spinor solutions ψ B (z) can be also written as [16] ψ B,n (z) = ψ
where N n is the normalization constant, P (α,β) n (z) are the Jacobi polynomials. We also remind that the constants λ 1 and λ 2 are found before in terms of the initial system parameters. And, for the system (13), ψ + (z) can be found as
Lie algebras
The operators of iso(2, 1) Lie algebra are given by
and
They obey the commutation rules given below as
In [16] , the operators of the so(2, 1) algebra is extended as
Now, U (z, −i ∂ ∂φ ± 1/2) is the extra operator which is used in [16] . The term U (z, −i ∂ ∂φ ± 1/2) plays a role that it helps to construct the algebra for the rationally extended potentials. Here, we discuss the extended hyperbolic complex Scarf II potential within the so(2, 1) algebra. If J ± and J 3 are used in (22) , then, one can get
The constraints in (22) also lead to [16] 
In this study we will use U (z, −i where
(37)
In order to compare (38) with (14) , one can use q(1/4 − µ) = 1/4 ∓ 1 2 (K 2 − 1/2) 2 and λ 1 = µ + 1/2 and can find λ 2 and a relation between the parameters r 1 and r 2 .
Conclusions
In this paper, it is observed that two different superpotentials can generate the same energy spectrum for the corresponding different potential systems. The component of the vector potential and the Fermi velocity function are chosen as real hyperbolic functions but the potential functions in the Klein-Gordonlike equation are complex functions known as deformed complex PT symmetric Scarf II potential whose spectrum is obtained as real. Despite the case in non-relativistic quantum mechanics where the energy is negative, in our system the square of the energy plus a constant term from the potential makes the spectrum as real. We have given a suggestion for a superpotential with a rational term generated two partner potentials which are unsolvable. On the other hand, using the constraints on the potential parameters, one of the partner potential is obtained as deformed complex hyperbolic Scarf II potential while the other partner remained as unsolvable. We have written the well-known solutions of the deformed complex PT symmetric Scarf II potential and using these solutions the unsolvable partner potential energy spectrum and spinor solutions are found. Finally, we have found at the operators of so(2, 1) Lie algebra in terms of the Dirac system parameters. The energy spectrum results derived from the Casimir operator agree with the results obtained from the Dirac system.
